Abstract DP-coloring is a generalization of a list coloring in simple graphs. Many results in list coloring can be generalized in those of DP-coloring. Kim and Ozeki showed that planar graphs without k-cycles where k = 3, 4, 5, or 6 are DP-4-colorable. Recently, Kim and Yu extended the result on 3-and 4-cycles by showing that planar graphs without triangles adjacent to 4-cycles are DP-4-colorable. Xu and Wu showed that planar graphs without 5-cycles adjacent simultaneously to 3-cycles and 4-cycles are 4-choosable. In this paper, we extend the result on 5-cycles and triangles adjacent to 4-cycles by showing that planar graphs without i-cycles adjacent simultaneously to j-cycles and k-cycles are DP-4-colorable when {i, j, k} = {3, 4, 5}. This also generalizes the result of Xu and Wu. * Corresponding Author 1
example of a planar graph which is not 4-choosable (thus not DP-4-colorable). It is of interest to obtain sufficient conditions for planar graphs to be DP-4-colorable. Kim and Ozeki [6] showed that planar graphs without k-cycles are DP-4-colorable for each k = 3, 4, 5, 6. Kim and Yu [7] extended the result on 3-and 4-cycles by showing that planar graphs without triangles adjacent to 4-cycles are DP-4-colorable. In this paper, we extend the result on 5-cycles and triangles adjacent to 4-cycles by showing that planar graphs without i-cycles adjacent simultaneously to j-cycles and k-cycles are DP-4-colorable when {i, j, k} = {3, 4, 5}.
Theorem 1. Every planar graph without i-cycles adjacent simultaneously to j-cycles and
k-cycles is DP-4-colorable when {i, j, k} = {3, 4, 5}.
Theorem 1 generalizes the result of Xu and Wu [9] as follows. Let G be a graph without i-cycles adjacent simultaneously to j-cycles and k-cycles where {i, j, k} = {3, 4, 5} The following property is straightforward. Proposition 4 yields the following immediate consequence.
3 Structure of Minimal Non DP-4-colorable Graphs
From above definitions, we have the following fact.
Proof. One can check from the definition of a cover and residual cover that H * is a cover of F with an assignment L * .
Suppose that F is H * (L * )-colorable. Then H * has an independent set I * with |I * | = |F |.
It follows from Definition 6 that no edges connect H * and I ′ . Additionally, I ′ and I * are disjoint. Altogether, we have that
From now on, let G be a minimal non DP-4-colorable graph.
Lemma 8. Every vertex in G has degree at least 4.
Proof. Suppose to the contrary that G has a vertex x degree at most 3. Let L be a 4-assignment and let H be a cover of G such that G has no (H, L)-coloring. By the minimality of G, the subgraph
there is an independent set I ′ with 
Let L be a 4-assignment and let H be a cover of G such that G has no (H, L)-coloring.
By the minimality of G, the subgraph
Thus there is an independent set I ′ with (R3) Let f be a 5-face. We obtain µ * (f ) ≥ µ(f ) + 4 × 0.5 = 0 by (R2).
CASE 7:
A 5-face f.
We use (R3.1), (R3.2), and (R3.3) to prove this case.
SUBCASE 7.1:
f is incident to at least three 5 + -vertices.
It follows that each 4-vertex in f is adjacent to at least one 5 
